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A Characteristic-Based Split-FEM Scheme for Incompressible Viscous
Flow with Moving Boundaries

SUN Xu, ZHANG Jiazhong

(School of Energy and Power Engineering, Xi'an Jiaotong University, Xi'an 710049, China)

Abstract: A characteristic-based split (CBS)-FEM scheme for the incompressible viscous flow
with moving boundaries was proposed, including the governing equations established and the cor-
responding non-dimensional equations deduced. Moreover, combined the conventional CBS algo-
rithm with the mesh moving technique, a solution procedure in Eulerian coordinates was obtained
and the spring analogy-based mesh moving technique was discussed. In addition, the proposed
method was applied to two flow problems, i. e. the flow induced by the harmonic oscillating cir-
cular cylinder in water at rest, and the uniform flow around a transversely oscillating circular cyl-
inder. The numerical results such as the drag and lift forces of the cylinder, the pressure and vor-
ticity on the cylinder surface, and the velocity distribution of the flow field agree well with the
numerical and experimental results in literatures.

Keywords: characteristic-based split; finite element method; incompressible flow; moving

boundary
I A AE 43 24 (Characteristic-Based  Split, lor-Galerkin A PR IGEE 7 i AH Fb , LR M o<k #5205 i

CBS) A BRI B e —Fh 2 £ XSl AR B S A0 X AT R4 R M Uit 3 1) i, CBS B30 1
A BRICHE . » 5 Petrov-Galerkin il UA FRIC, Tay- SR 2 b Fui/F s S5 A1 J7 2R H (7] B ) 2 pR 2. A

W B 2010-05-10.  FEZ . FME1982—) B A4 SR F AR RO . B HUZ A B 0h. 4T H . Hrika
P75 AA ZHAHRIEE B H (NCET-07-0685).
% 2% M BRI . 2010-10-19 W 25 M Bk . http: //www. enki. net/kems/detail/61-1069_t. 20101019, 2211. 019. html



100 [T 7 . ]

PN

o i 545 45

TMi#JF T BabuSka-Brezzi (BB) 2cfF. B I, 1% 77 1
[ Zienkiewicz & AT 20 {48 90 4R YR AR H LU
K O Z N B T &R sh Rz .

AR, ORI 2 12 5 T i R CBS Bk
K ELAT 32 sl B0 3 sl n) 8, 40 Nithiarasu™ ¥
CBS B3k ALE J5 3k A4S A % it 303 3 Aok
T RSE 5 ) A 7% (R) AT 17 5K i - Nobari Hl Nade-
ran' "R F Nithiarasu (5 ¥R T H R b 4
ShIFIAE R B 30 ) A, B R AR 8 CBS vk 5 ALE
J7 TGS AR 25 s BT MR A T R FE
I A v A A A A i 2R A B0 ) L 3 g ik 4 2
i CBS 5 ALE MH45 6 S . SR fif i 72 L3
2% 538 T ALE ARbR T NS J5 8 4 X0 3t 31 2
A A R R DX R B 2 5 T AR Y R PRl R
TR RZ .

ASCHRYE CBS L B RE AL B0 BA 18 3l i 5t
MY AT H A Zh P S IR, P2 00 T —Fh a2 A 80
SRARTT I IR BB 7 e XK R RT3 R R
rH AR 20 (B A SE it ) kA T T SR A

1 Py i
AESFAE IR BB AR TR NS RN

Ju; _

dx; =0 1

7 9 19 % -
dJup w1 dp o Pui

o T o, o dx; T oo, +f’J

P s TR E s 0 s p J 550 HIZ B
BTEREGofi WA WS H BN U R ERKE

N B2 RE PNy o U~ *_IfU
ng?%%%Ejg {Ou:9/~\EX ui7371~7f917f9
0o (p-U*)

'14 S, = A SN
LL st 0 R st
du;
o0~ |
Ju Ju p 1 Fu @
Jdu; ~ JU; —L,v B d u; ’”.
a Y FT; ~ Jdx;  Re dx;dx; Jrf,J
ﬁEF:REZUL/U.

2 BECRARIT

Xt ¥ EA 12 Sl BB s R i R i
S AL B B (8] AN W7 AR 4. SR FRUE T ik 7oK
figp it A SRAE TS AR o RLE st B b B R RS Y
Wl 20 5 [ 2 i Bl K i s B BT 4 R A B C

AN 2 s A SR T AR A [ 45 T 4 [A) A
R NS UR TS 2 IS R R R o DA RIVE i
PRI ¥

KB RS EA BT LA T A L T S bE T 5
BBy [A) IS FRAF SR Al IX 35 PN B 1) 59 a5 A A i ST Y i
Bl XAERE AT DA MER IR 0 B A & o AT DL SRAIE Y
MY . AR TRE 48 CBS Bk 5 8l A% £ AR AR
GEE BRI T R S 2 BB R (2) SR A T Tk
R T IR L AT A AR HE T R A e T
PWhr A5
2.1 MZIZFIETRY CBS fiFik

R4 CBS oK i L 3 1 A8 s A 5 ] 74
BrA il 7 R (2) rh sy g R AR AT I, 5 21 A bR FR
X R RS 5 R w0 B I T R BE AR R s
Bl Lagrange A5 R 0] IVE A X AR & L LAY

Ry e
% __adp 1 %u, |
Dt~ dr,  Re axjaxjﬂsz (3)

2 B — T 7 T A T 1 3 A b e

TR (3) A A B ] RO T B L & 1
S5 T BRI TRIRE Ac PR S04 BT 50 T4 1 f) 3 B
B B 22 PR Y A A R AR TR A R AT
X4 IR LT S A o 2T B S, AT
A A AR R x o A T B PR S ] A R 25 R 61 38 1) 5K
(3) A

1

“laesp

X

JAY2
(b L Pu
a 0)( dx; +Re dx;dx;
- (f)p i (’)Zui ntl
6( dx; _'_Re dx;dx; +f'>
AP 0<<0<<1,0=0 By B XA X, 0=1 i Al

L DO A WA A2 SRS 6, 7] LK
A

+1)

(x=8))

€Y

X

©))

1 :Am"\ = aw| +o(ar)
Jﬁl X

X

Pl Ar TR B S FI R A ) 12 Bl L

http: / www. jdxb. cn



55 130

Eid Taylor JBFF K FE /R x—8, ARy & K
A GIRA (4) B3 a5

ull_rH . u;} —
”(7u11_1 - i (’)2 ui” ¢ plr‘rﬁ '
Al(u] dx; Re dx;dx; T dx; T ) x +
A, 9w Ip )
2 ukal'k<u](71'j +(’)1',' +f1 x (6)
w0 ntl n
W — g (1 2 (7
dx; dx; dx;

™ R AT AR R u L pt R
Sk A b, X C6) B R ZS [B] Ak by x Absh &
FERY B HOE . T Z 3 A 2 72 38 (6) B3 St A
L B T HESR I A, HoAt AR e 35 R FH i 2 =K

W& 32 B, 28 C6) Hh G A% 5 o5 AR ¢ BF 2
FEATEA b A AMERE TR BB H " W] LA R#E 5 C
SKAF, 1M ¢ 1) Taylor JRIF=N

8¢]1
*c

5{)” . - ¢” . _82j 91]- +()(‘ 52 |2) (8)

A+ 6, FIRTE Ar IR 1T 5 A RS Bl BB,
X2 O KA AT LUE T AT 3 2017,
(DI A&

w1

'dx;  Re dx;ox;

Gy (w5 1) ©

(23R n+1 BEZIAG IR p 0, B
9 (PN 1 A A
0 ( ) ~ (u; At(1—0) 9x,~>

u; = u! —Al(u TLf,‘)Jr

a‘ri axi - At 91‘,'
(10)
(3)3R A n+1 2R o™ B
wtl M Aitz ”i (7p n
U u; JAY2 o -+ 5 ukaxk (91,-)
@8))

AL e AR SR A X B 1B sl AL
A H4E ZEVE L sh [A) 8, o] DL BB A0 T AR A TR i

Do i=1, BT} a2

CIARYE o i) 220 (%) WA A1 3 A3z 3 7 20, R H
SRS ARAT B o B 2] A R — A A
% 8.

(2) 3 A= Q) TR " s 2] R4 1 A I A o B
1 ¢ B2 TS S 8wl p R [

B RME w5

(DA A0 Rf ps

G imat R QDKM ™

IV 5 HATIE SRR R AR BT 30 CBS 45 BRI 101
Enddo
X9~ D) A BRI B L TR R 0
SCHRLL .
2.2 MIgIEEN

N T A B AR SO Y SR A
o S AT T AR RS H R B0 = B AR
PR E A 22 8l I A T 3 AS SCR AT T SCHR
L7 i s Rk, 5 4 o I 20 TSR A%
SEARSCA PR BT ) SR A LAY R G E SCAHAR T
AT ] YA R A T Y A R R
S
by =a((ap—x))*+ Gy —yp))He  (12)
Kfiarva, HERZSE. AL a1 =1.0,a, =
— 1.0 i T SRR SE P B B AR TR R
JEE i L5t 2R g b T RS, A o I 2L 18 5
P LB WA Y R A A R Bl TR R R AN
P 0. 905 R G0 109 32 11 o ofs 18 B R, e
FER AT E S 1

N,

Fi= D> ky (8, — 61 (13)
J=1

AP Ny R 5 T AR S B8 F, &
AR AT RS, AR TR R » RO
W K HE R Bl RS2 1P A e 25 3088 SR G E A
B E AL R A L

N,

Fi= D k(8 —8) =0 (14)
J=1

H 2 (1) T A b 57 B fifi n] SR A5 A4 99 o5 L
(I RS . AR SCHE R FH T2 A 0 0 B 5 % =X (1D
HEAT SR A ARAE R — T RS o 2 R A
ST AR A AT DR R A

xi = xi+6 (15

3 S KA

R T R B AT AT L AR SOR K R A
A PRSI A S i B T TR, X 2 4N
LR SR A RE Y A 2 FEAR AR T I 52 ).
3.1 FRKHPREERS

K 2 25 T #ok b SR sh B S i 1R X
WG G A E TR X AN R E AR N
100D, H FHEE N 0, I RAL B — SRR 0.
eV = VR IR S, I m Wiz sy feh

2(t) =— A sin(2nf 1) (16)

Kp . r=x/D FR BT I iR 7 =

http: / www. jdxb. cn



102 [T 7 . ]

A/D R PR BURAL s £ = Df /U, A 157 385 415 3D 450
U N BIAEAIR Bl 1) 5 R 8 (B8] 3% 1T R F T A%
HARZM. E X Reynold il Keulegan-Carpenter
ook

. UIH'AXD. ~ Umax
Re = 7{} ;. KC = 7D f

A D MR EAR. X Re=100, KC=5 [ F it

F37HEEE a (16) sk (17) AT 4% 7 =0. 795 8.,
F=0.2.

K 3 45 T oK TR R Sh R SR i HE S 4
TR , T SR TR 8] ) FAR ) X 9 S 2 175 93 J5 15
S0, SR 3 FAS ) 2 1 25 7Y 1 X A% X 32 [ A 8 3t
AT TR R 15 T WA AH A5 8 LA 8B
R 2% Co. N 1 AT LLE 2R Mesh-3 7Y
W& A A Cr 5 3CHk9-10 11 45 3 2 18] 1Y J 2
BUNT 1% B 4 4517 R A Mesh-3 BRI A%, 315
Fr SR s A R 180°, 210° 1 330° st it 373 Hh 3B 437
BB A A S B R SEPRTE o o AT G
YW w o BRG], K 4 FTLAER A4S
L5 10 s 5 RAEF WA

0
0

a7

w2
I H2

100D

K2 gk RSB SR

N R St

&3 I I ) NG R e a1 e
oy AR

# 1 Re# 100.KC % 5 069 H A0 A % 3% Cp

B AL LT Co

Mesh-1 8 100 16 000 2.074
Mesh-2 12 120 24 000 2.075
Mesh-3 16 940 33 600 2.100
SCHRLY ] 2. 080
SCHRL10] 2. 090

3.2 PERiR PR EETRS

X Re= 185 W} 15 5) >k it b 41 3 B 41 58 it 2 47
TR E S g TR IX R G R A A A R
Wik O FIRRE EF 10D b i sh S 508 A ki
MISHG A R A 10D 4b, i1 A 554

K ¥ %455
r Ao
f -
-
< PEN
R R
" e
- e 4
- »
\ »
z 180°
/ -
s/ 4 e
> @ =
RAE
v J
%7
oi
P
F-v
-3
(rA -
A e
- RO, »>
A = A e
.
o
o 210°
"/ .
>
101 t\ :
We & S
P by oo
:3;;«3 ole -
5[ A .
LW R xmm -
g . - . -6 Y
g of * }' ————— . g 330°
- « = A
~ .
21 s 12
. \we--A 4
—§FT- \m_ @ A Y
e Ee A
" . -
s s .
-10 ndid L ; )
-0.01 0.00 0.01 -0.01 0.00 0.01
u'/m-s”! yim-s!

E 4 Re >} 100,.KC 5 . FIAEECH 140 X120, 5,
SIS TSR BRI A 180°.210° A1 330°HH 3%
R O R VA= N OB TR o s ii]

[
S =

<22

K5 XSk PR S B SE i A

SEIN A th G T R U 30D b, E
199 0 Pa. [B RS 11T KWLy 160 4 1 8595 30
TS

(1) = ?/cos(anf)
Sty =3 R AR TR P TR L (8 7

=A/D HRE; = DF /. Jy To bk 4445 2 4 % , 4
B PR [ 52 B T8 1SR T AR fo SR L. B 2%
T TC I R A5

T A Re=185 i ML AOHE RS & 4RI
TEMUR T o 1 5000 IR 0 2 0 0 4T 1 3

(18)

http: / www. jdxb. cn ————



55 130

MB35 BATIB B AR AT R4 P 3 i CBS A FROCH# % 103

A DR A 1o ST SR DX I A K 9 A AR R PR AR
B, N 6 . % 2 451 T ASE A% T 1T AR
FEF-BI8H 77 2288 Co IR 1 REL Cre s DLAR
T+ 1 R E LA 0 T i M 7 ) SRR 2 IR EL S,
IR AT LA ARSI AR T g B R
SCHRLO, 11 1 A 48 SR m A S Re 7 A B AR B W
Wit S, A LIsR1E Re =185 W o & 44 1% [ SR i 7%
$i% f,=0. 196.
A2 ReA 185 Mg RATETAELATHALER
Rk sk onle Gy Cme S
Mesh-1 4 550 8 800 1. 374 0.514 0.194

Mesh-2 13260 26 000 1.369  0.485  0.196
Mesh-3 32710 64 600 1.363  0.473  0.196
k9] 1. 310 0.422  0.195
Ak 11] 1.287  0.443  0.195

K6 Book P IR sl B A SR R 51 4%

FJH Mesh-2 BRI 7 =0. 2. F/F,=0. 8.
1.0,1. 2 MRS R Se i i S kA7 75 B/ 7 fn
K 8 5 1 3 RSN T [l M iz sh 3] by e KA
ERTREESE RZE C, NTENIRE V o mHE
AL PR 0 o [ A 17T 5 AH 6T T B A oo i %
AR AR AE 30 XUTE B 5 AR SR O FF #2 RsE 4 Ty [ 1
hn. Al 7 Jrs AR SCH A S C, 5 3CHR9 TS
w4, K8 v FE i i 48 XHE B /N T A S
TSRS SCHRL9 AR H WA AR R A 7 —
WA 2. AR ff R T U R 2P A {2 R
B Gt B9 — B 580 76 ST A AR A AR E 2 . 3X
S I A T R 25 1Y R A

B9 gt TR SRR BT ) 2%k C.
RH 1 250 Cry BERTTE] ) 28 A 17 O S R A 32 3l 31 1
e KA B AL BRI . I 9 FaT LU S B
E"Jﬁﬁﬁ]ﬁﬁ%ﬁ1&<}/?o =0.8, 1.O W, C.Cp ¥l
I ) 52 RIS 3R A8 4k, F B 38 B o8 €L Cr
AR R A - (H I AR I 7 Hh i e AR F 254 5 24
f R, C Gy B SR R R L
TR TR NS K s & AR s Ak, T F AR S R
MR AR, n] 2 0L SCHk9, 11 .

151
0.5¢
O -0.5F
-1.5¢ . A
e
s o . . .
0 90 180 270 360

o1°)

K7 Bz 3 B L7 R o i 3 1T s o R A1

ffe
= 0.8 (C#R[9])
400 & 1.0 Gemk[9])
o 1.2 (XWRI91)
— 0.8 Mesh-2
20F ---- 1.0 Mesh-2 0%,

------ 1.2 Mesh-2 ¢ ©
8 AR

20 A\

- 1 1 1 ]
400 90 180 270 360

0/(°)
K8 Bz 3 3 b7 fe R I 2 T i A 3 A

2

[=]

S Emwu
1

1

S 0

-1
2 1 L . )

0 50 100 150 200
7

(of/fo=12
E 9 ANFEYRSIIFERT BAEF 7 B 7 22 BB s a] 4 A2 1k B
[ iz s 3] L e KA B B B B R 3%

http: / www. jdxb. cn



104 WO I 545 %
P N A
4 % i/t\, 225 2002(2) . 7-11.

AR T —Mpsh g i CBS HE AR, H
TRl BA 12 0 B0 AN AT R 46 8 1 U 3h m) . AF
REHIE X Re=100, KC=5 B #7K iz 3l [7] A 48
Vifl Re=185.7/f,=0.8,1.0.1.2 B ¥4 3k i vh
RSN SE L M e AT T KA, iR 5 R 50
SCIR M ZE AR E W& BAI T R AT . 5
Nithiarasu Fr 2 532 M F A SCHSAT A8 BRCRL AL Bk
AT e BIF ER 5L 50 CBS i ik B A [F ,
SR gt R B 1

e UL R R BE A T R ) A — 2 AR
SRR G BB R B o 20 0 A DR 3
Tahih Fz s X2 s L. X Fshih Fz sk
IR IR CAn 2 ) K T 3 30 Rl D , 75 240 2
A BRI T O, SRR — 2 T A AT
N2

S 30k

[1] ZIENKIEWICZ O C, TAYLOR R L. The finite ele-

fluid dynamics [ M ]. 5th
ed. Oxford, UK. Elsevier Butterworth-Heinemann,
2005.

[2] NITHIARASU P. An arbitrary Lagrangian Eulerian
(ALE) formulation for free surface flows using the
characteristic-based split (CBS) scheme [ J]. Int J Nu-
mer Meth Fluids, 2005, 48(12). 1415-1428.

(3] g, %R ALEAGRTER L] J)

ment method: volume 3

[4]

[6]

7]

[8]

[9]

[10]

[11]

YUE Baozeng, LI Xiaotian. Study of the ALE finite
element method and its applications[ ] ]. Mechanics in
Engineering, 2002(2). 7-11.

NOBARI M R H, NADERAN H. A numerical study
of flow past a cylinder with cross flow and inline oscil-
lation [ J]. Comput Fluids, 2006, 35(4); 393-415.
NOBARI M R H, GHAZANFARIAN J. A numerical
investigation of fluid flow over a rotating cylinder with
cross flow oscillation [ J]. Comput Fluids, 2009, 38
(10): 2026-2036.

BUPROAR. AU g Mo AR v Al A5 T A A WORS 2 R 3 Y
ALE FBRICH TR B G A S LD]. K% KiE
TR RRIR 5 3 )14 Bt . 2007,

BLOM F J. Considerations on the spring analogy [J].
Int J Numer Meth Fluids, 2000, 32(6): 647-648.
FHIAL. ABREITE LM JEat. 38 48 K o A
2003 245-250.

GUILMINEAU E, QUEUTEY P. A numerical simu-
lation of vortex shedding from an oscillating circular
cylinder [J]. J Fluids Struct, 2002, 16(6): 773-794.
DUTSCH H, DURST F, BECKER S, et al. Low-
Reynolds-number flow around an oscillating circular
cylinder at low Keulegan-Carpenter numbers [ J]. J
Fluid Mech, 1998, 360 249-271.

LU X Y, DALTON C. Calculation of the timing of
vortex formation from an oscillating cylinder [J]. J
Fluids Struct, 1996, 10(5): 527-541.

(Ymtg Gk

http: / www. jdxb. cn



